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X/ — BN | EEEEFOERR LR/ L

MY (population genetics) 1, EHDHICH 2 BIRNER X4 TOEIGH, HREZBE LT D
EOREDLEDZEHARNDZTHTH 5. e 2iF, BRHOFTIIZODXA T AL aBHBLLT, X
47 A DEERBECHEED, RL & ISR 200, B2Dh, H2WVIIMBRICHATLES DD
EEZD.

ID/)—FTE, ZOEHDH - BEANRETNLD—DOTH2 Wright Fisher model ZE A §
%. HFEAEZ, TROMROMEKIE, RECEM,?S I X LHERATESLSNS ) L\ Hifliz
EZNHTHL. EHEI A XHEBRTHZRD, 722 224 TRNCHER - TR TH, #HEHXIM
RICFHRERTPIIBRPAS. ZOBAPHEARELR DI L, X4 TOHEBERIFESE, L 22—
FDEA THERICHZATD, WICEMR2RICEE LD T 5.

ZD XS BAREHICET 2 7 > X LBHELE(LZ genetic drift GERHIEED w5, —75T,
RAFTEIWHEHZRTEIVELR S &, HEZMIZFENZARDIREL 5. Zhd selection
THb. £z, D2XATDHHNDEXA TAEDSDZ L% mutation £\ 5H. EFEERLRFETI,
genetic drift, selection, mutation 25fHAGH X2 Z & T, LHIDBLEAMHEKIED L 51D %0
ZEZD.

R — T, VANVRPWAEYEEZ RIS, haploid BEHICHRET 5. LdioT, HEKE

—ODBIETaAV - O2EZS. KT, 32D XA 7 A L a IFiFEHFD bi-allelic
model ZHA YL T 5.

HEMHH A X% —ED N &35, Bl t 12BF2%247 A OfikEz

I, €{0,1,...,N}

LEL AT ADHER

2l=

5%, 24T a DHEEEZ1-X, TH5.



EEDFHEAH

L& MEREBL ThY, X, & TElE) TH3. YIal—ya yCRERE I, 2853 %0, H
T CIREIS X, ERZ 222V, RERS, X, EHEIC0 25 1 OFEPICAD, EEY A XD
EISRMDEBE LR T VDS THS. FIZ X, =013 XA T ADHERLIZIRE, X, =113247 A
DIEE U7 RRBE £ T

DIRETIE, &4 7 A D selection coefficient % s & L, fitness %
wy =14+ s, we =1

3§ 5. ¥7, mutation rate %

A—a:u, a—A:v

2 Moran model & Wright—Fisher model

Moran model & Wright-Fisher model 1%, €% & & HGREFNCEIF % genetic drift % 7Lk 3 2 AR
7% stochastic model TH 3. 72721, MEFTIX 1 step DM EHEK T B0 HELS. 22 TIOH
TlX, %3377 Wright Fisher model ¥ F13772 Moran model % ZNZAVEFK L, ZDEK THEHHH
L BRI R 7 — L DENE R 5.

2.1 HIII7 Wright—Fisher model

Hi7 (neutral) &1X, XA 7 A ¥ XA 7 a ORI fitness ZNRNVZ EE2 WS, Thbb,
wp = Wy = 1

Th5.
Wright-Fisher model T, &MATXMHRD N ffk%, BRI SHETTHE S 5. BifE
DRAT A DEREED I, =i, BHEN 2=i/N D=, XERDOXA T A OEAKRE I, &

It+1 | It :ZNBID(N,.’L':Z/N)

WHES. T I TS ~ & “is distributed as” 22K T 5. L7 o> T, Ly | L =i~ Bin(N,z) 13,
FEL =i Db T, XERDOX A T A EIREL 1,1 73 parameters N,z @ binomial distribution 12
WD, EWVWOIEKRTHS. —fMRIC Y ~ Bin(n,p) 1, BIIHER p OMSIZEHITEZ n HfToE 20D



I Y ontfizRL,

MY—ky—CQMu—m”h k=0,1,...,n

T®H%. Wright-Fisher model Tl&, N EHOFEERZHII/ED, ThZDE A4 T A IR BHER
MaxThs, W9 sampling R L TW3S. L7235 T transition probability 1%

MLH:ﬁh:ﬁ>:<§><;>]O"T;)N]
TH5.
conditional mean & variance (&
ElXit1 | Xy = 2] ==,

z(1—1x)

Var(XtH | Xt = I‘) = N

T®H 5. neutral RIFE, FHNIIHEEIIZL L WD, HREFTDH 2 72912 variance ZFiD.
DT R LRIEEE(D genetic drift TH 5.

Remark: “drift” & L5 58

AR — T, BIZ drift ¥EL 2 =X, FEHI2 LT genetic drift 2453, 2% b, HREFIC
B1F % random sampling IS X > THEU 257 VX ARBEEZDZ L TH 5. selection 1T & 3
72O R, mutation 12X BTA - R EXAIL CHite. — AT, MEHEOMRTIE, RE
AR SR N E “diift” EMERZ 03D B, RFEEBET 3729, DURTIX selection
mutation 25E 2 JEHIX, T %721F deterministic term/bias & FEXR.

RIZETILE MABHEISHBWVWETIL] TIREL

YT, BIHEZ D2 /R5 L E(Xigy | X = 2] = 2 THB. L LEEED sample path T,
binomial sampling 2 & o THENBHRTES <. ZORL EMEAEL S Z LT, HVKEA TT
HIHKRLALDEELRZD T 5.

2.2 HAIT 7% Moran model

H13772 Moran model TlX, 1 event THIEMK & TR Z —HEZ > X 2IGEXR. FEKIZFEIC X A
TOF% LERER L, SECEEIZERD SBD BR> NS, BEV A4 XITHEIC N Rfzh 3.

BFEX=0Dt %, X247 AP EAKEZ2DIZ, BBEAT A THCHEEREZA T a DL ZT
Hb. LlehoT

p+(x):P<AX:]1V|X=x>=x(1—x)



ThHb. FAEIC, 24T AD1LEEEZ DX, BBEEXA T o THEMIER XA T ADLETHD,

p(a;)—IP’(AX——JiHX—x)—x(l—x)

Th5. FeWEMEEBFELTZA TOHE, 247 A OEEBEEL LW, XoT, 1 event

720

2x(1 —
E[AX | X = 2] =0, var(AX|X:m):%

&%,

Z ZCEHERDIX, Moran model Tld 1 event THHEDE A 1/N LOPEDLLRVWEWVWIKRTH 5.
—75, Wright-Fisher model Tl 1 X T N f{A% % & T sampling 3578, 1 step H7zhH O
LEDRESHERLD.

2.3 EFFHEMEEFEXT—ILDEL

Wright-Fisher model T, 1 step THREIEENXMMRICE X1 5. —77, Moran model TlX, 1
event T 1 EALNHAEL, 1EEIFECTTS. Lo T, AL Mstep)] CWIFEERMF-TD,
HTIECRBEOEN R 5.

Wright—Fisher model Moran model

ST LA 1 AR 1 birth-death event

LEloEH  NEKEZEDHTHI TV YT @i LEREZIBANED S
HEOZEE OQ1) EEsHFERFICEDLD 5% +1/N £721F0

BRZHE SRR AR 28R - EH i AT

Moran model D 1 event (¥ TH/NXWEHTH D, Wright Fisher model D 1 IR X Z D F Lt
BT ERW. 7o 21 Moran model 2+ event 72 FILTH, REFREMTIIHEIZIZFEACE
DoV, ZHUX Moran model D genetic drift 23550V & WS BEIKETIEA L, HIZ 1 event THELH
M NE WS EKRTH 5.

Wright-Fisher model @ 1 {#£X& 7z D D variance {%

z(1 —x)
N

T»H5. —7, Moran model D k event 77D variance 1%, FH< BAUX

2z(1 — x)

k - N2



TH5. Ihorzabidicid, 8BBX%Z

N
=3

Xk, oF D, ZoHKTIE, FILA Moran model D N/2 event F2EH Wright—Fisher

model D 1 HATEED genetic drift ICXFHT S.

X D EEMERYICI, diffusion limit TRD & 512F T 5. Wright-Fisher model Tl&, A% twr &
LT

B &, generator &

WIS 5. Moran model TlX, event 2% ty & LT

2ty

T—W

B &, AL generator
1
£1() = 2a(l )" (@)

WIR T 2. L7h->T, 55 HHI%4 diffusion limit TIEXRDFE LR THME N S.

neutral Wright—Fisher diffusion

dX, = /X, (1 - X,)dW,

Rescale 9% £ H3T Moran & Wright—Fisher |[$FE L IC% %

H3. 72554, Moran model ¥ Wright-Fisher model DEWE, FIZHEFFHADEWTH 5. Moran
model Tl 1 event /N WD T, event £ % 2ty /N? ORFEICES. Wright-Fisher model T HAR
B twr/N ORICET. Z D rescale &, &5 5 b [A LU Wright-Fisher diffusion

dX, = /X, (1 - X,)dW,

252%.

B, XHRIZ X > TiE TMoran model @ 1 HfX] % N event L EFL 7D, HEHRFE D event rate
EEZDTE. 20HE, LOWBIIZEBLEDE NS, EELDIX, Moran model %
Wright—Fisher model L BT B & &I, event HEZDHDTIFA <, rescale SN IKifE TLEER
TRLVWIRTHS.



2.4 Z®D./— FTO Moran model LY

Moran model {&, Wright-Fisher model & [f] U genetic drift % Al BEHHEAL Tilih T2 ET L LT
HETHD. KL, A/ — 1+ DFEHMIZ Wright-Fisher model ZFfET 2 2 TH 3. 207D,
Moran model IZDWTIX, HILRIGEICKE % rescale 3% & Wright-Fisher diffusion & [A] UMifR %
FoZ 2R d oI 5.

LLF&E @ selection, mutation, diffusion approximation, fixation probability, & %% %, Z A Y12
Wright-Fisher model IZfEi% T TaiHT 5. 7272 L, fixation probability % branching process T
BN E L EPTClX, EGRERE birth-death process % Moran model O FJHAELFE I NE 2 75 % il
BB S .

2.5 selection H'&% % Wright—Fisher model

RAT ADfitness ® 1+s5, XA aDfitness® 1 £ 55, BHEDXA T A DHENR z DL &,
selection 2RI 7=RICHE L GEIXN S X4 7 A DERIZ

(14 s)x (14 s)x
1+s)z+(1—z) 1+sz

QS(x) = (
THb. Lizh-oT, XD A AL
Iiy1 | It =i ~ Bin(N, gs(x))
WHES.

Dk =
E[Xiy1 | Xi = 2] = ¢s(z)

TH5. s>04%6E3E%A47T AFEHN, s<0ZBEFHTHS.

selection DFEH 5

qs(7) 1%, BRBZHE 2 TR, Mitness TEHADII LIZHORBIINSLTE] THS. s>00DL
L gs(z) >z 2D, XA T ARBRKHEROBE LTHLUEINSLT RS, 2L, XHKOMHE
BRI BHGMr oY TV 7ENE D, AHLEZA THRBTHEZ 5D TRV, AR
T, selection IZ & 2 FFAIDU) & genetic drift 1T & 2 (BIRDIERFICE < .

2.6 mutation '3 % Wright—Fisher model

mutation rate %

A—a:u, a—A:v



5%, PRGE, BIEDOHED ¢ 726, KIEAOEELN X 4 7 A 127 2HERIZ

p(x)=(1—-u)z+v(l—2x)

ThHsb. £oT
Iyyr | Iy = i ~ Bin(N, p(z))
ThH5.
selection ¥ mutation Z MW7 AL 555, F 3 selection IZ K o THD XA T 3HHN

(1+s)x
14 sx

gs(w) =

272D, ZDRIC mutation B B EEZ D L, KERMEARD KA T A TH BHERIE

pS,uyv(x) = (1 —u)gs(x) + U{l - QS(x)}

THb. Lo T
I | Iy =1~ Bin(Na ps,u,v(m))

&72%.

mutation D1ZE

mutation |&, X4 FHDO—HAFZIINAADHRNEZIES. 722X u>01F A5 a ~NDFRH,
v>01Fand ANDIMATHS. mutation R WEE, [, =0 I, = N KEET B Z2Ih
SRRV, —F, WM mutation B3H B &, HATXA TIHEUIEL S 2729, HRIZ
absorbing state TIZ7 <72 5%. ZDEWX, KRR D> I 21— a »% stationary distribution %
EZBEZIFICEETH 5.

3 Wright—Fisher model @ diffusion approximation

3.1 diffusion approximation D& X

Wright-Fisher model (BRI - AFRIKRED Markov chain TH 5. L L, EFHY A X N HWKE
We X BHE X, = I,/N 1% [0,1] LO##HI7R stochastic process T TE 2. ZH% diffusion

approximation ¥\ 9.



2t diffusion approximation Z{E> DH

AR N 123 % Wright-Fisher model {&, JKR& 0,1,..., N %2> Markov chain TH 3. N A7)
SVWHBIXZDFEERZ S0, N BRE2WVEIRABEDIHE X, fixation probability 0% O RFfE 5 &
PEEAE T 2D0HEL 5. diffusion approximation 5 ¥, BERMIREAKEDOET NV E, H
BZEE X, € [0,1] D stochastic differential equation (SDE) & LT#HZ 5. Z4UTEKD, fixation
probability, mean fixation time, stationary distribution 72 & Z M L3 <72 5.

1R B 72D DIEEZE (L
AXy = X1 — Xy

& ¥ 5. diffusion approximation T,

E[AX, | X, = 2] = %b(z) I (ij) ,

Var(AX, | X, = ) = ~a(x) + o (]1V>

B LN EEZS. Kz

LR —$3k, X, ¥RD SDE TELLEND :

dX, = b(X,)dr + /a(X,) dW,.

Z 2T W, 13#Z#E Brownian motion T®H 5.
Z®D SDE %, {4 @ sample path ZE#LB S 2 TH 5. —77, [FU diffusion process & [l
EREDREFEE] £ L TH % ¥ Fokker-Planck equation 1272 5. X573 % generator I&

1

Lf(z) = b(x)f'(2) + Fa(z) " (x)

THYH, BE p(x,7) PFET 255, Fokker-Planck equation &

2wy + 2L fataip)

TH?. D% D, SDE form & Fokker-Planck form (&5 & DE T/ Tld7 <, [T generator {25
T 5EMABRFLARTH 5. FiE L trajectory Z Rz E ZF| 231X density *° stationary distribution
ZRIZVE ZIERNTH S,

3.2 HIII7 bi-allelic Wright—Fisher model Hh*5 DEH

It+1 |It:z~B1n(N,x), r = —

=



Two equivalent descriptions of the same diffusion process

Fokker-Planck view: density evolution L SDE view: trajectories
.0
0.8 -
— ~
= x
- £ 0.6
Q 3
2 [9)
2 £ 04+
3 5
0.2 A
0 T T T T 0.0 T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 1.2
frequency x diffusion time T

K1 Fokker-Planck form & SDE form DiEL). EIFFHMNIZIFRE L £ FLH > TV density p(z, 7) DIE
K, AIEFE L diffusion process M sample path D T3H 3. Fokker—Planck equation (& M3 2EH Y SE1<
b1 &, SDE & AL D trajectory B SE<H) ZRZDICHLVTWVS.

TH5. LIhioT
]E[Xt+1 | Xt = .T] =T,

meHuA;:@:xﬂgw)
TH5. £oT
E[AX, | X, = 2] =0,
Var(AX; | X; = z) = fU(lJ\; z)
CiRb.

7 A MEEEL £ 1Txt LT Taylor BRZ W5 &,

E[f(Xer1) ~ £(X) | X =] = F@BAX, | 2] + 2 f (@)E(AX.)? | 2] +0 (fv) .

HAZ TS 1 TED 0 72 DT,

Elf(Xt11) — f(Xy) | Xy =] = %x(l —x)f"(x) +o (117) .

Riffl% 7 =t/N £ X7 —)L§ % ¥, generator I%
1 "
£1@) = 2a(l—a)"(@)
5. L7h-o T, HiL% Wright-Fisher diffusion &

dX, = /X.(1— X,)dW,



TH%. [[AU process ZHE p(z,7) DREIFERE E L TEH &, Fokker-Planck equation &

0 1 92
6{ = Qw{m(l —z)p}

&7 %. mutation DR WIGEIX £ = 0,1 23 absorbing boundary 72 DT, Fokker—Planck form T3
RO NDERIZR S.

Z D SDE DFHAH
£3121% deterministic term 372 <, Brownian motion I & % / 4 RIEZ I H 5. Uk TEEH
WKIREBHIHEERVD, FUYXAZERELS) VWIS TUETLVONHEEZRLTWS. /X
DREXEZ 2(l —2) BROT, HENFEMED L 2 IS EHKRE L, HR 0,1 1KEDK /X
72 5.
Z @ diffusion process Tl&, & =0 & x = 1 73 absorbing boundary T® %. mutation 2572 WIGH,
RERIZIEED oD XA FICEET 2. FIULRGE, WIHBEED » 26X 47 A O fixation
probability %

P(A fixes | Xo =) =z

TH5.

3.3 selection H'&% 3IF S D diffusion approximation

selection coefficient D3EEE s D F £ T, 1 HADL D DG —RIC O(1) 72 %. diffusion
approximation TC genetic drift & selection % [A] URFfE] R 77— L TR % 72 9121%, weak selection

S =

g
N

ZIET 5.

weak selection & L\S {RE D E

Z ZTD lweak) &, selection DMEMHTE 2 2 W5 BEHETIERW. 1Dz D D selection effect %
O(1/N) ITL T, genetic drift IZX2HEH T LR CRVIKMRA S — AL THKTZ2 X513 25400
2y =Y TH5. ZDFRETIE, selection 12X B/NXREH HZ L DRIchz> THAER
L¥EF %, diffusion process @ deterministic term ¥ U THEHE 3.

TDEE, Bl LTERA T AMBEINSHERIZ

_ (I+0/N)x
45(¥) = 14+ o0x/N
THb. NPREVEE,
qs(z) =z + %x(l —z)+0 (]\é)

10



THb. LIhioT
1

E[AX; | X; = a] = %x(l —z)+0 (Nz)

725, variance D EZIHII neutral DIH L R LT,

Var(AX, | X, = z) = x(ljg 2, @)

TH5b. £o7T, selection % & Wright-Fisher diffusion {IXTH 5.

selection Z & Wright—Fisher diffusion

dX, = oX,(1— X,)dr + \/X.(1 — X,)dW,

Fokker-Planck form T, % p(x,7) 1&

dp 0

5 = _%{aa@(l —z)p} + %%{x(l —z)p}

Zi7=3. SDE form @ deterministic term oz(1 — x) %, Fokker—Planck form TIFZEZH# LIRS
transport term & L CHN 3.

selection | deterministic term £ L TIHN S
weak selection s =o/N Db & TIE, 1 HRDZD D/NEZAFED D3, rescale TN 7 =t/N T
ox(l—x)

¥ W95 deterministic term & L THE 5. Z D deterministic term Z{#5 ¥, HF|REENRIEINC fix
T HMER DN TE S, fixation probability DEHIIRD/NHITE & 5.

3.4 fixation probability: diffusion approximation IC &k D&

Z ZTIE, mutation DRWEEEEZ S, ~E X =0FR3E X =11FETZL, ZDREIS
PIFHEZ VDT, 0 & 11X absorbing boundary TH 5. fIHSHE Xg =2 PoHELLEXA T A
@ fixation probability %

m(x) = P(A fixes | Xog = x)

&L

fixation probability (¥, backward equation

11



Example trajectories of a Wright-Fisher simulation

1.0

0.8 A

e
[¢)]
1

allele frequency X;
©
S
1

0.2 4

0.0 ~—

T T T T

T
0 20 40 60 80 100 120
generation t

2 Type based 7% Wright—Fisher simulation Dffl. N = 200, s = 0.03, X, = 0.1 & L TIHII% trajectory &
BEAIaL—FLE. FENICIIERZER A MBI R TUVH, B run TIE genetic drift D7z ICKTAIE
S5OFWHB. MHAICEEXRT S runbdHh, —ATRBEEEFTHEID 2 undH3.

Z 7z 3. weak selection @ diffusion approximation Tl

Lf(z) = 0x(1 - )f (@) + 52(1 - 2)f"(2)

TH5156, 0<z<1TlE

ox(l —z)n'(z) + %x(l —x)r"(x) =0

&b, z(1—-z2)>0THlz L
7"'(z) + 207" () =0

THb. ZZTgyglx)=n'(x) B
J(2) + 209(z) = 0

%DT
g(x) = Ce™?"

Thb. HITLT
n(x) = A+ Be 2°°

LETE. BREM 10)=0, 7(1)=1 %S5

12



#1%%. neutral limit o — 0 Tl

WCR5.
EEDOMALZ ¥ D selection coefficient & s £ EL &, ZORIE 0 = Ns L RAUI LWV, ©F D, i
Bl

1— e—2Nsn:

7T(£E) = 1— 672Ns

THd. Fi, 1TERZTOHLVWERLSKEL2HEE 2 =1/N ZDT

B 1y l—e® 2
M=T\N)  1_e-2Ns ~ ] _eg2Ns

YA, EHITs<K<I MO Ns>1 RS

T~ 2s

THbD. TDm ~2s EWHFERIZ.
bfseries Haldanes formula ¥ U TCTdHI S5,

mutation 72 L, haploid, # A 7 A D relative fitness 2 1 + s D & &, diffusion approximation 2> 5
REf{5.
fixation probability DEAANT
1— 672Nsm
() ~ Epp—ry

T = s<€l, Ns>»1 = m ~2s.

N?

HI37 7% & fixation probability (ZFHHSHE ZD b D, OF D 1 {EARS 1/N TH 5.

3.5 fixation probability: branching process IC & 2E H

ERRZRD 1 HREIECREREEZS. ZORBETREREMIEEICEhZDOT, ZHEA
HLOFFCEASKOHELLITETH/HATE L. 20D, ZRAOYHAD fate % branching
process CIEITE 2. ZZTHID 20X, BEBNHIHAD stochastic extinction ZkI T, +43
RAAAEETHZ 2R TH S, KREREMT Ns > 1 DL X, O establishment probability 1
fixation probability L AFIXF U A —KX =127 5.

Z 2T, KR O birth-death process, & % WX Moran model DFJHAERFED X S5 1E X 5. &
AR 1RSI V0B & X, RITZDRMICER T 2 ER72 event 13,

S 1 RS S 2 RIS B,
1 EERZ & 0 K72 5,

13



DELLPTH S LEMT 2. ERERETIE, HAEMMIDLUEZ DRIV, Wright Fisher diffusion
D fixation probability THI\ 7= selection coefficient s & Z A 2 % 7=, #IHHEFEDER)72 birth rate
& death rate %

b=1+s, d=1-s

CHEL. TdE, BAID event NHHAETH MR IETTH S HERIT

B b _1+s d _1—3
Cb+d 27 b+d 2

D+
THb. TIZTsl3ta/hEVEofe 55,

1 {ERD BAE E o 72 B RAIRIRD establishment probability 2 «# £ EL . RHID event TIEL T
X, R ZZTHIRT 20THEGE 0 THS. BAID event THAETIUR, ZEENZ 2 KTk
%. branching process IEITIX, ZD 2 AARD FHREBMIIEVITHILICIRA2HES &2 5. Lk
MoT, 2MERED 5 B4 &b —Dh establish T 2 HERIZ

1-(1—m)?=2r—n?

THhs. LEXDY, 7l recursion relation

1+s
2

m=pi{l -1 -7} +p--0= (2m —7°)

BT, >0 OfFEERD /-0, Wild%E «» TH B L
™
1:(L+$(1—§>

ThHd. LlhoT

185, s« 125

TH3.

branching process IC& % 25 DEH

2s
1+ s

1+s
T =

5 1-1-7? = ==

~ 2s.

COFEMHTHE>TVWB DI, fixation ZDDBDERBEETIED WD kD, TENREHEREHYIH
D genetic drift IZ X BHKZRNZHHER] Z2EIHTLILEVWSIEZ T THS. ZRAEPTITHZ S
£, ZDRIX deterministic 7% selection DXIRTEMAEETHIAL TV, 2D, KEXREMT
s< 1, Ns>1®D¥ %=, ZO establishment probability & 1 fE{K5> 5 D fixation probability X ¥ 5
b3 2s TIEBEN 5.

14



selection-dominated

drift-dominated (roughly deterministic) drift-dominated

I | I I |

I | I I |

0 Xcritical X 1 — Xcritical 1
X < Xcritical Xcritical <X < 1- Xcritical 1-x < Xcritical

K 3 Drift-selection boundary DRI E. ESEER © < Taitica CRPRER 1 — 2 < Taiuea CE genetic drift
MXENTHD , FEDFEE zeritical < T < 1 — Taritical C I selection BREMICE S . Pay ~ 2s &, 1EED

BHERHLERID drift-dominated FEIHZRITBHERLE L THU LN TES.

Drift—selection boundary

Pax ~ 25 WO UL, TEHZRNF S drift-dominated R EBEEREIZIRKIT 2% © LTt
EahHRTV. BRI m ARDH e %X, BHEIX z=m/N THS. HIHAERFETIE, selection IT

X % bias /3 genetic drift 12X 5 7 ¥ X L7RHE L FRREICKR 25EA %
2sm ~ 1

THEDDAZENTES. L2 ->7T, critical copy number & critical frequency 1

o 1 % Meritical 1
critical ™~ S critical = ~
25’ N 2Ns

ThHB. HEN

T < Zcritical

DB TIE, BRI EZDVRIEDLD, ZOD fate IZFEIT genetic drift ITKALXNS.

[ 12 FIEE VR T

l=g< Lcritical

%6, BAERMIOD copy number 23/NE W8, BEFUIEDZEENI drift-dominated 1272 5.

Teritical < T < Il = ZLcritical

[FERLZ,

DHEFEETIX, selection DXIERDY genetic drift £ D RKE <, #EIZEEB X% deterministic 12

d—f ~ sx(l —x)

KRS eEZLNE. LEdoT, REREFTNs>1 DL E, Py ~2s3, N {EAKOERER
DMESEEMI D drift-dominated 7HI & 7 1) T establish T AHER | 2R L TW5, LR TE 5.
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3.6 mutation B'% B35 8 D diffusion approximation

mutation % genetic drift & [F] U R 7 — L TR 279,

eBL.

mutation rate H X4 — )L 31EH

mutation rate X EEEDOEFFICT 5L, 1 HRHD OHEZEHNKZ LR D, diffusion
approximation THTW3 t/N DR R 7 — LTl mutation DXRPBT T2 203H 5.
u=p/N, v=v/N L Z¥ T, mutation IZXBJA - Jithd, genetic drift % weak selection &
FLCRT—LTHEKTE S,

neutral C mutation 723 23% 2 55, KKK X4 7 A TH 2RI

p(x)=(1—u)x+v(l—2)

THs. LlhoT
pz)—z=—-ur+v(l—z)= %{1/(1 —z) — pux}

TH 3. K- T mutation IZ & % deterministic term (&

bmut () = v(1 — ) — px
225,

mutation % & &9 neutral 72 Wright-Fisher diffusion (& X TH 5.

mutation Z & E neutral Wright—Fisher diffusion

dX; = {v(1 - X;) — pX - }dr + /X (1 - X,)dW,

®fI3 % Fokker—Planck equation /&

% = 21— )~ bl + 5o a1~ )0}

THs. ZOFTHZ L, mutation 1 density Z 50 5 NEEA#H LK T deterministic 72 5 A]-D 1}
CLTE Ze 5.

RF A mutation > 0,v > 0 BHBHE, 0 & 1 1% absorbing boundary TlX7 < 72 5. neutral T
WF7 A mutation 238 % & & D stationary density (&

1 2v—1 2u—1
(@) = a7 (1 — 2)
p-() = Gz 1)
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TH%. TIZT B(2v,2u) & density ZF77 LT 1 123 579D normalization constant TH 5.
Z X Beta distribution Beta(2v,2u) TH D, [0,1] LM LTT VILBHED stationary
density ZR L TW5.

3.7 selection & mutation *'H 35S

weak selection ¥ weak mutation

PIRET 5. selection EDFHD A FHFEIX

(140/N)x

9s(2) = 1+oxz/N

THDH, mutation BICKHAR[ERD A TH BHERIZ

Ps,un() = (1 = w)gs(@) + v{l - gs(2)}.
BRI 2 &,

1 1
ps7u7v(I) =z + N {O’l‘(l — 1‘) + 1/(1 — 1:) — N;p} + 0 (]\]’2> .
L7225 T, diffusion approximation {ZXRTdH 5.

selection ¥ mutation Z 2 E Wright—Fisher diffusion

AdX, = {oX,(1 - X)) +v(1 — X;) — pX.} dr + / X.(1 — X,) dW,

[@ U process % Fokker-Planck form TE <L &, #E p(z,7) X

2

9 - 2 for(1 )+ v(1~ 2) — ol + 5y [e(1L — 2)o].

or
Z DX, selection & mutation 23 density & €5 HA\FHIRD, genetic drift 25 density Z €D X 51
JRF 20K LTS,

4 REFE

Wright-Fisher model DFE2121X, KE { 771F T individual based 7252 ¥ type based 72523
H5. EHEoHEflrRNENF, EERIDFEREZRE L0, &4 FHERT ZEH T Ul Xun
PICE-oTHRE 3.
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REFEZDIITEZIER

HRRTIR L ® X, FURRS ZeHZ0H, ¥Ial—2aryTil MAZKE: LTRET S
D BRSO BENH . FAEIIFICEIRDD 572 5 type based EET T2 THD, SHETH 5.

—77, R e oFRah, ZEWAE, KRB, Z8ETFEREZH/V20R 5, individual based FE4E
DENTTR B .

4.1 Individual based 3

Individual based EZTlX, EX N OB TEEKD XA T2EEFD. 12 XA T A% 1, &4
Za%0tLT,

2= (214, ,2N0), 2kt € {0,1}
RS 5.
Wright-Fisher EHNILLRD & 51297 5.
1. BEUARIZ fitness ZEI D 4T 5.
2. fitness ICELBI L CHIZ N EHETCHIHI S 2.

3. O &RA T FIzar—75.
4. mutation Z#EH T 5.

Python JADHHL 2 — NIZRDBEY TH 5.
import numpy as np
def wf_individual_based(types, s=0.0, u=0.0, v=0.0, rng=None):
if rng is None:
rng = np.random.default_rng()

N = len(types)

weights = np.where(types == 1, 1.0 + s, 1.0)
probs = weights / weights.sum()

parent_index = rng.choice(N, size=N, replace=True, p=probs)

offspring = types[parent_index].copy()

mut_A_to_a = (offspring == 1) & (rng.random(N) < u)

mut_a_to_A = (offspring == 0) & (rng.random(N) < v)

]
o

offspring[mut_A_to_a]

]
-

offspring[mut_a_to_A]

return offspring

18



Individual based EZEDH L, AR DFRZMRIFFTE2 2 THS. b 21X, Kbk, 2RI
B, BEBGELETRE, RS L ICRR2EERLEE2ZERICRZS. —/HT, BEY A X NHIRKEWV
CEEaAX MREL B,

Individual based TRZ%H®D

Individual based SEZEX, HICHEZEBS LR OBENCRZ 22 e23H 5. LrL, EOfEks
EDERD T D, TE DG 2ERDIE 2 7oy, THEEOEED R CEENTE SHAaED
X5 ZREVGECEEHTHZ. 2%0, AROBRECHEIRESHE LoMWIEEN5
2o, ZOEEDVEATDS.

4.2 Type based 3%

Type based EHETIX, &X A TOMEEFEZ T ZEH T 5. bi-allelic model 72 &, IRFEEIX I, 721 T+
PTH5.

B I, =i, x=i/N &3 %. selection & mutation % & ¢ Wright-Fisher model TlZ,

(14 s)x
14 sz

gs(x) =

&L,

ps,u,v(x) = (1 - u)qs(x) + U{l - qs(m)}

ZitE T 5. 2ok,
It—‘,—l (o Bin(N7ps,u,’U(x))

VA IV A g > LAY

Python EOHHL 2 — FIZRDED TH 5.

import numpy as np

def wf_type_based(i, N, s=0.0, u=0.0, v=0.0, rng=None):
if rng is None:

rng = np.random.default_rng()

i/ N

(1.0 +s8) *x/ (1.0 + s * x)
(1.0 -u) *x g+ v=x*x(1.0-q)
min(max(p, 0.0), 1.0)

kel
1]

o B e Jte]
1l

return rng.binomial(N, p)

Type based F22E1%, bi-allelic model P E X A 7D E TNV TIIIEFITHER LWV, FITZHOKRIE
YIal—YarE{TH58E, individual based EZE LD R D EHETH 5.
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Type based T+ 7R L)

fixation probability, mean fixation time, #HE771f, selection coefficient ZZ 2 7z & Z D8 DE W
BY, 24 TOMEKREEIZ T TEZ SNSRIV TIE, type based EENFHE EIRICKR L. ZDGEE,
EHND THELVHED T2 3ETT, FMRDXA TBIZT 2RI TSV 7T 5.

4.3 bi-allelic SDE MD3E3E: selection & D D 1t6 BEEL

Z FTD individual based EZEY type based FEZEX, HAIREM®D Wright Fisher model % E#%
YIaV— b T BEHETHD. —F, EHI A XD T RE2VEARESZ5EI1TIE, diffusion
approximation ¥ LTS5 72 SDE ZEHES I 2l —F 32522 TES. Z I TlE, mutation 72
L - selection & D @ bi-allelic Wright—Fisher diffusion

dX, =0 X, (1 - X,)dr + /X, (1 — X,)dW,
ZFEET 5.

Z® SDE & It6 SDE 72D T, & bFEHAMIZIX Euler Maruyama method THEERUL T 5. KifEZ] A&
AT 2L, & ~ N(0,1) ZHSLCH > TV T7TRe, RDOXS5ETFS. 22T Nm,n?) &
mean m, variance n? @ normal distribution T& D, N(0,1) I standard normal distribution T® 5.

selection 3 D bi-allelic SDE O 1t6 281t
X1 =Xn+0X,(1 — Xp)AT 4+ 4/ X0 (1 — X)ATE,, &n ~ N(0,1).
Z #UZ Brownian increment %

AW, =W.

Tn+1

— W, ~N(0,Ar)

*ERL,
AW, = VATE,
YEWELDTHS.

JED Wright-Fisher model T selection coefficient % s £ H W TW/2357, diffusion approximation @
weak selection Tl

D% D o= Ns

THhb. ¥z, diffusion time & 7 =t/N DT, t R L7-WES 1 =t/N £TSDE %
D 5.

Python EOD#HL 2 — FIZRDEH TH 5.

import numpy as np
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def wf_sde_selection(x0, sigma, dtau, n_steps, rng=None):

Simulate the selection-only bi-allelic Wright-Fisher diffusion

dX = sigma X(1-X) dtau + sqrt(X(1-X)) dw

by Euler-Maruyama discretization.

Here dtau is the time step in diffusion time tau = t / N.
nnn

if rng is None:

rng = np.random.default_rng()

xs = np.empty(n_steps + 1)
xs[0] = x0

for n in range(n_steps):

x = xs[n]

# Without mutation, x=0 and x=1 are absorbing boundaries.

if x <= 0.0:
xs[n + 1:]1 = 0.0
break

if x >= 1.0:
xs[n + 1:] = 1.0

break

deterministic = sigma * x * (1.0 - x)
diffusion = np.sqrt(x * (1.0 - x))

xi = rng.normal(0.0, 1.0)
x_next = x + deterministic * dtau + diffusion * np.sqrt(dtau) * xi

# Euler-Maruyama may slightly overshoot [0, 1].
# For small dtau this is rare; here we project back to the interval.
x_next = min(max(x_next, 0.0), 1.0)

xs[n + 1] = x_next

return xs

SDERETIERIS_L

ZDFEEF, BREMD binomial sampling 2 Z DX XHET 2 DD TIERL, N — oo D diffusion
approximation ZZEMIZES DD TH 5. 2D, N HNIWEER, fixation HEHTDIHFRT
EZEERBEICT N2 0WEEIZIE, JTD type based Wright-Fisher simulation D 23BARL Z & b H
%. ¥7z, Euler-Maruyama method TIZARDZIAMED /=012 [0,1] DHNDLHZ Z e 23H 2D

21



T, EOa— FTEEHERDZD projection LTW3. KD TEIHWSGEIX, XWAREE/NXL T3,
boundary treatment % T K3 %, 25 WIITTD discrete model THEFEZ T 5 DA KW,
4.4 ZRATADILK

XA TH K WD 2855, &24 TOMEEE%
K
ng = (nl,ty"'anK,t)7 an7t =N
k=1

YEL. XA Tk D fitness & wy, £ 5 5. selection BRICEHN X A 7k TH DRI

WENE
qr =

= =K
D o—1 Weme

T 5. mutation matrix Z M = (My,) & L,
My = P(%ﬁ&’f T kPO FERAT ﬁ)
LERTS. Tr, XEKS KA T ¢ THBHERIZ
K
pe =Y qrMpe
k=1
TH5. LEhoT, XIHKOEEBRZ Fid

Neyr ~ Mult(N;p1, ..., pK)

WHES. ZZT Mult(N;py,...,px) (& multinomial distribution TH 2. Ziuk, K HOXA 7D
55 1 HOBITTEA 7 k MNBEENLMERE p, &L, Tk N BEHIICHEDIRL- &) £X A4
THIHER T OIN B B R T M TH %, bi-allelic model Tff - 7z binomial distribution %, % &
A AR LD D e EZ L K.

45 RELDEE

B X — LB 9 % | Wright Fisher TlX 1 step 23 1 X TH 2. Moran T 1 step 25 1
birth-death event T %.

»weak selection * weak mutation D X7 —1) > J5FE 9 3 ! diffusion approximation & X
JBEEZ% 5, HARIZIE s=0/N, u=pu/N, v=v/N &35 5.

»boundary ZME2 9 3 | mutation 7R WVWIHH, i =0 & i = N X absorbing state TH 5. N
J71A] mutation 3% % 35513 absorbing state TIX72 L.

preplicate MEZ+RICHWS  H—D ¥ I 2L —Y a VBRI KELLES 29, fixation
probability % mean fixation time ZHEE 3 2 ITIXZELD replicate DN ETH 5.
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»type based ¥ individual based ZfEWL\31T S : SHE/ZIT T 9745 type based, fEAZ &
DIBIERLTEE DI ELTL & individual based 238 L TW 5.

5 F&o

Wright-Fisher model 1%, BREMICE Y2 7 VABHEZ(LETRT 2 AN LRHERESNLTH 5.
Moran model ¥ IXBEHHNMDIETL 553, neutral 7255 IEREE % rescale 35 & [A U Wright-Fisher
diffusion IZINR T 2. L7835 T, Moran model ¥ Wright-Fisher model Z Lt 3 & 1, step £X
ZOHDTRBAMERT — LV EBZAZ I EHREETHS.

neutral 72 Wright-Fisher model Ti&, SHEOARHEIZZED 520 AH, FIREMY 4 XICHKT 2

variance
z(l—x)

VaI'(Xt+1 | Xt = 517) = N

MWET 5. 20D genetic drift TH 5. selection \F W RBAEZ L ZE A, mutation (&2 4 7]
DA - Tz E L.

mutation 2372 W57, fixation probability & backward equation 2> 5EHTE 3. HFIZED 1 fEK
DPOIBE LA, s<1 D Ns>17156

T ~ 28

THa. FU 25 1%, TNRAEMEREDOYIIAMENEZ branching process T L THELNS.

KREMMFRTIX, weak selection * weak mutation D% & T, Wright-Fisher model (&

AX, = {0X, (1= X,) +v(1 = X;) — uX,} dr + /X, (1 — X)) dW,
¥ W9 diffusion process T TE 3. Z D SDE & Effilc, MG $ % Fokker-Planck equation % f#
23, HESMEDODOOKEFHREEFTLATE 3.

FILTIX, bi-allelic model 72 HAEREL I, DA ZIBEFT % type based EEDRNERITH 5. KEHE
D diffusion approximation % [E#% R72\WIEEITIE, selection & D D bi-allelic SDE % Ito BEEU{k L
T Iab—+T&5%. ), R OREME, ZREMEE BEIVEZ Y25 551203 individual
based EENHFHTH 2.
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